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|
Model problem

Let Q(t) € R d = 2,3 bounded regular for each ¢ € [0, T], T > 0 and
evolves smoothly: 3 one-to-one continuous mapping

T(t) : Qo — Q) fort € [0,T].
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Model problem

Let Q(t) € R d = 2,3 bounded regular for each ¢ € [0, T], T > 0 and
evolves smoothly: 3 one-to-one continuous mapping

U(t) : Qo — Q) fortel0,T].
One is interested in solving

881L+£(t,x)u_0 on Q(t), t e (OvT]7

+b.c., +i.c

where L(t,x) is a second order differential operator uniformly elliptic in
time.
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Model problem

Let Q(t) € R d = 2,3 bounded regular for each t € [0, T], T > 0 and
evolves smoothly: 3 one-to-one continuous mapping

U(t) : Qo — Q) fortel0,T].
One is interested in solving

g;L_FE(t?x)u_O on Q(t), t e (OvTL

+b.c., +i.c

where L(t,x) is a second order differential operator uniformly elliptic in
time.

Well-posedness analysis: Savare et al (1996, 1997), Prokert (1999),
Bonaccorsi & Guatteri (2001) ... Alphonse, Elliott & Stinner (2015)
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Model problem

Let Q(t) € R d = 2,3 bounded regular for each t € [0, T], T > 0 and
evolves smoothly: 3 one-to-one continuous mapping

U(t) : Qo — Q) fortel0,T].
One is interested in solving

ZZL_FE(t,x)u_O on Q(t), t e (OvT]7

+b.c., +i.c

where L(t,x) is a second order differential operator uniformly elliptic in
time.

For the analysis, we need 9y € C*! and ¥ € C™1([0,T] x ), where
r > 1 is FE degree.
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Model problem (an example)

Consider a smooth motion and deformation of the material volume Q(),
e.g., volume of fluid. For y € Q,, Lagrangian mapping ¥ (¢, y) solves

ov(t,y)

U(0,y) =y, 5 = w(t,¥(t,y)), tel0,T].

where w : (t) — R? is the material velocity of the particles.
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Model problem (an example)

Consider a smooth motion and deformation of the material volume Q(),
e.g., volume of fluid. For y € Q, Lagrangian mapping ¥ (¢, y) solves

ov(t,y)

U(0,y) =y, 5 = w(t,¥(t,y)), tel0,T].

where w : (t) — R? is the material velocity of the particles.

The conservation of a scalar quantity u with a diffusive flux in Q(¢) solves

t+div(iw)u —aAu=0 on Q(t), te(0,T],
Vu-n=0 on I'(t), te (0,7
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Model problem (an example)

Consider a smooth motion and deformation of the material volume Q(),
e.g., volume of fluid. For y € Q, Lagrangian mapping ¥ (¢, y) solves

ov(t,y)

U(0,y) =y, 5 = w(t,¥(t,y)), tel0,T].

where w : (t) — R? is the material velocity of the particles.
The conservation of a scalar quantity u with a diffusive flux in Q(¢) solves

t+div(iw)u —aAu=0 on Q(t), te(0,T],
Vu-n=0 on I'(t), te (0,7

Warning

In practice ¥ may not be available. Instead, €(¢,) is given in time
instances t¢,, € [0, 7.
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N
To fit or not to fit?

Fitted mesh Unfitted mesh

I'(t)

Good if: Good if:

Large deformations
Geometrical singularities occur
Q(t) is given implicitly
Cartesian meshes

@ Small deformations of (¢)
o U(t) : Qy — Q1) is available
@ Layer adapted mesh is needed
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N
Unfitted FEMSs

@ Diffuse interface approaches: Immersed interface and immersed boundary
methods; Peskin (1977, 2002), ... also for FEMs

@ Sharp interface approaches: Partition of Unity FEM, XFEM, cutFEM,
TraceFEM; Barrett & Elliott (1987), Melenk & Babuska (1996), Belytschko et al.
(1999), Hansbo et al (2002), ...
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N
Unfitted FEMSs

Barrett & Elliott unfitted FEM for
Neumann problem

—Au+au=f inQ,
ou

%:0 onT,
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N
Unfitted FEMSs

Barrett & Elliott unfitted FEM for

Neumann problem F—'\
) N
Q

—Au+au=f inQ,

%:O onT,

8n /—

(
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Unfitted FEMs

Barrett & Elliott unfitted FEM for
Neumann problem

—Au+au=f inQ,

a—u:O onT,

on

The unfitted FEM:
Find uy, € V}, satisfying

fevh dx Vvh S Vh,
Qp,

/ [Vup, - Vo, + a®upvp] dx =
Qp

with
Vh:={veC(Ty) : vlre P.(T) VYT € Tu}.
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Unfitted FEMs

Barrett & Elliott unfitted FEM for
Neumann problem

—Au+au=f inQ,

a—u:O onT,

on

The unfitted FEM:
Find uy, € V}, satisfying

fevh dx Vvh S Vh,
Qp,

/ [Vup, - Vo, + a®upvp] dx =
Qp

with
Vh:={veC(Ty) : vlre P.(T) VYT € Tu}.
From B.-E. and later papers:

[u® = unllz20,) + hllu® —unllm(o,) < C(hrﬂ + hq“)»

where ¢ + 1 is the order of geometry recovery.
5/12
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Unfitted FEMs

Barrett & Elliott unfitted FEM for
Neumann problem

—Au+au=f inQ,

a—u:O onT,

on

The unfitted FEM:
Find uy, € V}, satisfying

fevh dx Vvh S Vh,
Qp,

/ [Vup, - Vo, + a®upvp] dx =
Qp

with
Vh:={veC(Ty) : vlre P.(T) VYT € Tu}.

@ Dirichlet's b.c.?

@ Algebraic stability?
5/12
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N
Unfitted FEMSs

Unfitted FEM for Dirichlet problem

—Au=f inQ,

u=g onl,
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N
Unfitted FEMs

Unfitted FEM for Dirichlet problem

—Au=f inQ,

u=g onl,

The unfitted FEM + Nitsche

8uh 61)h
Vuh~Vvhdx—/ —vhds—/ —(up — g%)ds
/Qh r, on r, 8n( )
+vD / ™oy (up — g°) ds = féopdx Yup € V.
Jr, Qn
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N
Unfitted FEMSs

Unfitted FEM for Dirichlet problem

—Au=f inQ,
u=g onl,

F/z/ r\wh
The unfitted FEM + Nitsche +stabilization

Ouy, ovp,
Vup, - Vop, dx — oy ds — / —(up — g%)ds
/m vV [ G | S —g)

+vp / oy (g, — g ds + Glun,vp) = féondx Yup € V.
JT), Qp,
with
J(up,vp) Z / h[Onvr][Onur] ds for Py FEM.
Ecwy,
Burman & Hansbo (2014)
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N
Unfitted FEMSs

Unfitted FEM for Dirichlet problem

—Au=f inQ,
u=g¢9 onl,

The unfitted FEM + Nitsche +stabilization

Vuy, - Vuy, dX*/ %Uh ds — aﬂ(uh 7ge)ds
Qn Ty on Ty on
+vp / bt (wy, — g%) ds + §(up, vp) = féondx Yo, € V.
Jry, Qp

with

r 25—1 . .
Jun,vn) = > Z/Ehw [D7vp][D?un] ds for P, FEM.

Ecwy j=1

Burman & Hansbo (2014)
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|
Unfitted FEM: time-dependent ()

w+diviw)u — Au=0 on Q(t), te (0,7],
Vu-n=0 on I'(t), te(0,T].
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Unfitted FEM: time-dependent (%)

w+diviw)u — Au=0 on Q(t), te (0,7],
Vu-n=0 on I'(t), te(0,T].

Space—time weak formulation:

T ou T
/ / {— + div(wu)}vdzx dtJr/ Vu-Vvdzrdt =0.
o Jaw Ot o Jaw
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|
Unfitted FEM: time-dependent (%)

w+diviw)u — Au=0 on Q(t), te (0,7],
Vu-n=0 on I'(t), te(0,T].

Space—time weak formulation:

T ou T
/ / {— + div(wu)}vdzx dtJr/ Vu-Vvdzrdt =0.
o Jaw Ot o Jaw

Space—time unfitted (XFEM/cutFEM) FE + stabilization

0
/ {%—i—div(wuh)}vh dx+ Vup-Vup dx+/ [uh}vff dz+jn (up, vy) = 0.
s sn op!

with

si= U o x {1 -

te(tn—1,tn)

Hansbo et al (2016), Lehrenfeld, Reusken (2013, 2015)
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Method of lines for unfitted FEM on moving domains

Implicit Euler without care

n __ unfl

At

“ +div(u"w") — aAu" =0 on Q"

e But ™! may not be defined on Q"
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Method of lines for unfitted FEM on moving domains

Implicit Euler with more care

n_g n—1
% + div(u"w") — aAu" =0 on Q.

e But ™! may not be defined on Q"
e extend u"~! with £ : HY(Q"1) — HY(Us(Q™ 1)), Us(Q"~ 1) o Q"
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Method of lines for unfitted FEM on moving domains

Implicit Euler with more care

n __ n—1
% +div(u"w") — aAu" =0 on Q"
e But ™! may not be defined on Q"

e extend u"~! with £ : HY(Q"1) — HY(Us(Q™ 1)), Us(Q"~ 1) o Q"
@ — stability of semi-discretization

Key technical result (uses uniform continuity of &)

1€l () < (e (Le) 8) [[ulBnted el Vuldn Vue HY(Q), € > 0.

v

Implies ‘energy’ stability bound for the semi-discrete method.

Maxim A. Olshanskii (UH) FEM for time-depended domains 8/12



Method of lines for unfitted FEM on moving domains

Implicit Euler with more care

n n—1
Cl +div(u"w") — aAu" =0 on Q"
At
But u”~! may not be defined on "
extend w1 with £ : HY(Q" 1) — HY(Us(Q~1)), Us(Qn—1) o Q»
— stability of semi-discretization
How to realize a FE extension ?

Key technical result (uses uniform continuity of &)

1€l () < (e (Le) 8) [[ulBnted el Vuldn Vue HY(Q), € > 0.

v

Implies ‘energy’ stability bound for the semi-discrete method.
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Implicit FE extensions

Extension from 7"

Ll
REAVAVAVAVAVARAVAVAY
Qf}: |—m |—|n+1

@ stepping from t"~! to t" gives equations for unknowns in “active mesh” 7"
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Implicit FE extensions

Implicit extension from 7" to 7"

VAVAVAVAVAVAVAVAVAVAVAVARVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAN
\/NNINININININININ/ A/ N/NNNININININININININ
N NNNININ ANNNNININ

@ stepping from t" ! to t" gives equations for unknowns in 7™

@ add ghost penalty stabilization in a d-layer around I'}:

" N ,
o) = 323 [ Do)

EcFp j=1 J
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|
Implicit FE extensions

Implicit extension from 7™ to 73"

VAVAVAVAVAVAVAVAVAVAVAVARVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAY
N/NININININININININI AN/ NNININININININININS
N NNINININ V4 A NNINININ

@ stepping from t"~! to " gives equations for unknowns in 7"

@ add ghost penalty stabilization in a é-layer around T'}:

EeFy e
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|
Implicit FE extensions

Implicit extension from 7™ to 7,

ONNNININININININING - NN/NNNNNNNNNNINININ/N
A NNNINININININENS A NNNNNININININININT
VAVAVAVAX#X#AvVAV A NNININININNT

VAVAVAVAVAV/
NNININY

@ stepping from ¢! to t" gives equations for unknowns in 7"

@ add ghost penalty stabilization in a d-layer around I'}:

) 1
]Lps(uh: vp) = Z 2 / (u—Tyzu)(v—1,v)de
EcF! wE
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Implicit FE extensions

Implicit extension from 7" to 7,"

VAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVARVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVA
\VAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVANER VAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAN

A NNINININININONDN

\VAVAVAVAVAVA

@ stepping from t"~! to t" gives equations for unknowns in 7"
@ add ghost penalty stabilization in a é-layer around I'}:
@ choose § sufficiently large so that 7" D Q)"': § ~ |w - n|At.
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Variational formulation of an implicit Euler step

ul —ul
h— Up o
/Q — A ot ap(up,vp)  +in(up,vp) =0 forall v, € V3

n
I3 . e
convection diffusion

o u} is well-defined in 77" such that QF, Q' ¢ T
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Variational formulation of an implicit Euler step

ul —ul
h h ni,n (M _ n,
/Q NI + ap(up,vn) +jp(up,vp) =0 forall vy, € Vi
n —_———
" convection diffusion

o u} is well-defined in 77" such that QF, Q' ¢ T
@ Control on the implicit extension (on V},):

||uh||?95(szg) = (1+0At)|\uh|\52zg + CAtHVUh”?z;; + cAtjp (un, un)
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Variational formulation of an implicit Euler step

ul —ul
h h ni,n (M _ n,
/Q NI + ap(up,vn) +jp(up,vp) =0 forall vy, € Vi
n —_———
" convection diffusion

o u} is well-defined in 77" such that QF, Q' ¢ T
@ Control on the implicit extension (on V},):

||uh||?95(szg) = (1+0At)|\uh|\52zg + CAtHVUh”?z;; + cAtjp (un, un)

@ Consistency: ji(Eu,v) S hrHU||H7‘+1(Qn)j’?(’U,U)%.
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Variational formulation of an implicit Euler step

ul —ul
h h ni,n (M _ n,
/Q NI + ap(up,vn) +jp(up,vp) =0 forall vy, € Vi
n —_———
" convection diffusion

o u} is well-defined in 77" such that QF, Q' ¢ T
@ Control on the implicit extension (on V},):

||uh||?95(szg) = (1+0At)|\uh|\52zg + CAtHVUh”?z;; + cAtjp (un, un)
@ Consistency: ji(Eu,v) S hrHU||H7‘+1(Qn)j’?(’U,’U)%.

Convergence result (here implicit Euler)

B+ D IV (ulth) — )|
k=1

< 2 2q 2r

< exp(et,)R(w)(|AH2+ +h (1+ At/h))

geometry approx. space

[u(t") — uj]

2,

time anisotropy in space-time

V.
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New approach

@ Simple: only requires spatial integrals and FE spaces

Maxim A. Olshanskii (UH) FEM for time-depended domains 11/12



New approach

@ Simple: only requires spatial integrals and FE spaces
e More straightforward to implement than space-time FEM
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New approach

@ Simple: only requires spatial integrals and FE spaces

e More straightforward to implement than space-time FEM
e Does not require PDE extension as in classical fictitious domain method
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New approach

@ Simple: only requires spatial integrals and FE spaces
@ Higher order in time is possible (e.g. BDF2 is straightforward)
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New approach

@ Simple: only requires spatial integrals and FE spaces

@ Higher order in time is possible (e.g. BDF2 is straightforward)

1 2 3 4 5 6 7 eocy
0 121072 76-107% 6.0.107% 53.107% 50.1007% 49.1073 48.1073 —
1 6.3-10°3 36-1073 27.107% 24.107% 22.107% 21.107% 20-1073 1.24
2 46-1073 1.7-10°% 9.1.107% 7.0.107% 6.4.107% 6.1.107* 6.0-107*% 1.76
3 38-1073 1.2.1073 3.9.10°% 21.107* 17.107* 17.107* 17.107% 1.86
4 36-1073 94.107% 27.100% 0.1.107° 52.107° 46.-107° 46-107° 1.85
5 35.1073  9.0.107% 23.107% 6.3.107° 22.107° 14.107° 12.107° 1.88
6 35-1073 8.8-107% 22.107* 56-107° 15.107> 55-10°°% 3.5.107° 1.8
7 35.1073 88.-107% 22.107% 54.107° 1.4.107° 38.100° 1.4.-100° 1.36
eocy 1.91 1.98 2.01 2.00 1.98 1.87 1.46
e0Cxy. 1.77 1.89 2.13 2.10 2.04 2.02 2.01

L*(L?) error for the BDF2 method for translated circle
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New approach

@ Simple: only requires spatial integrals and FE spaces

@ Higher order in time is possible (e.g. BDF2 is straightforward)

@ Sharp interface method; Easy to combine with implicit definitions of
Q(t), i.e. level-set method;
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New approach

Simple: only requires spatial integrals and FE spaces

Higher order in time is possible (e.g. BDF2 is straightforward)
Sharp interface method; Easy to combine with implicit definitions of
Q(t), i.e. level-set method;

@ Robust even for topology changes:

=|||'=|HH|||HHHI|IHHI’ -

t=0.0T t=0.1T t=0.2T ¢=03T t=04T t=0.5T t=0.6T t=0.7T
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New approach

Simple: only requires spatial integrals and FE spaces

Higher order in time is possible (e.g. BDF2 is straightforward)
Sharp interface method; Easy to combine with implicit definitions of
Q(t), i.e. level-set method;

Robust even for topology changes:

Complete error analysis is available (in energy norm), including
geometrical error bounds.

Maxim A. Olshanskii (UH) FEM for time-depended domains 11/12



-
"Thank you" slide

Further details: C. Lehrenfeld, M. Olshanskii, An Eulerian Finite Element
Method for PDEs in time-dependent domains, arXiv:1803.01779
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"Thank you" slide

Further details: C. Lehrenfeld, M. Olshanskii, An Eulerian Finite Element
Method for PDEs in time-dependent domains, arXiv:1803.01779

Predecessor paper: C. Lehrenfeld, M. Olshanskii, X Xu, A stabilized trace
finite element method for partial differential equations on evolving
surfaces, SINUM, (2018).
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"Thank you" slide

Further details: C. Lehrenfeld, M. Olshanskii, An Eulerian Finite Element
Method for PDEs in time-dependent domains, arXiv:1803.01779

Predecessor paper: C. Lehrenfeld, M. Olshanskii, X Xu, A stabilized trace
finite element method for partial differential equations on evolving
surfaces, SINUM, (2018).

Important papers:

o J. W. Barrett, C.M. Elliott, Fitted and unfitted finite-element
methods for elliptic equations with smooth interfaces. IMA journal of
numerical analysis, (1987).

e E. Burman, Ghost penalty, C. R. Math. Acad. Sci. Paris, (2010)

@ E. Burman and P. Hansbo, Fictitious domain finite element methods
using cut elements: |. & II. (2010, 2012)
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"Thank you" slide

LECTURE NOTES IN COMPUTATIONAL ~ INosE LECTURE NOTES IN COMPUTATIONAL 191
SCIENCE AND ENGINEERING 121 SCIENCE AND ENGINEERING

Stephane Bordas - Erik Burman
Mats G. Larson - Maxim Olshanskii
Editors

Geometrically Unfitted
Finite Element Methods

and Applications

Editorial Board
T.J.Barth
M.Griebel
D.E.Keyes

R.M.Nieminen

D.Roose
T.Schlick

@ Springer

Maxim A. Olshanskii (UH) FEM for time-depended domains 12/12



