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Discrete maximum principles for high-order finite elements

| |

m Flux-corrected transport: limiters for numerical solutions
m Built-in residual correction: limiters for artificial diffusion
| |

Partition of unity methods: limiters for basis functions
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Galerkin discretization

Scalar conservation law
ou

ot + V- f(u,Vu) =0, u(x,t) € [u™m, u™]

Finite element approximation

du
up(x,t) = u;(t)p;(x), ME +Au=0»
j=1
Bernstein basis functions
i, i.d d+1
e:p!)\f Lo \Bidi
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Bound-preserving schemes

Discrete maximum principles

min u; < up(x) < max u; Vx € K¢
JEN© JENE

umln S u‘IjnlIl S u] S u;nax S umax

Modification of discrete operators

Naog
M — M := diag{m,}, m; = Z mi; >0
=1

A 7y Yy Uji if j ]
A=Ad=A-D,  dij= mazx{ajd(.) e Ifjfl
T Luk#i Yik Ty =1

Nonlinear antidiffusive corrections
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m Algebraic splitting of a high-order scheme

_du < du
M— + Au= f(u) := (M — M)— — Du
g T Au=Sw) = )%
m Bound-preserving low-order approximation
—du A n yn+l

= Bound-preserving antidiffusive correction

u;b-‘rl — ﬂ?-H it Z o f ( n+l) f, _ Z f:

e€t; ec&;

af € [O, 1] s.t. 7—1;11111 < “;1+1 < ﬁi‘nax

1Boris & Book (1972)
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Example: FCT limiting dortmund

Solid body rotation

v=(0.5-y,x-0.5)

(0,0) (1,0)

initial /exact solution domain and velocity
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Example: FCT limiting dortmund

Solid body rotation

%—FV'(vu):Q v=(05—y,z—0.5)

initial /exact solution standard CG(2) scheme
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Example: FCT limiting dortmund

Solid body rotation

%—i—V-(vu)zQ v=(05—y,x—0.5)

initial /exact solution modified CG(2) scheme
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Example: FCT limiting dortmund

Solid body rotation

%—i—v-(vu):Q v=(05—y,x—0.5)

initial /exact solution limited CG(2) scheme
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Summary: FCT limiting

Simple and efficient, easy to implement in existing codes

Applicable to high-order Bernstein elements but careful
localization is required to achieve optimal accuracy

Levels of numerical diffusion depend on the time step At
Definition of f in terms of u gives rise to splitting errors

Not a good method for stationary transport problems: lack
of convergence, dependence on the pseudo-time step
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Algebraic residual correction LU gortmund

Constrained nonlinear approximation

_ du - — du - e
Mfdt+Auf<“"’dt>’ fi*Zfi

fE(u, @) = af f(0,4) + o f(u,0)

Local extremum diminishing (LED) property

max r
uM* = maxu; =u; = f; <0
¢ JEN; J
min ,__ . . r
M = minu; =u; = f; >0
JEN;

Iterative solution of nonlinear systems
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Gradient-based limiters
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Limited nodal gradients
;g = 0if U; = u;nax or u; = ’U,;-ﬂin
g = Vu(x;) aigi = Vup(x;) if uy is linear

«a;g; is Lipschitz continuous

s max min
. ~vi min{u"®* — u;, u; — uM"}
a; :=minq 1,

max{ul®® — u;, u; — U™} + eh

Element-based correction factors

. . 200
a® =min< 1, min ——————
ieNe |Vu§|? + e

Built-in high-order stabilization



Example: iterative limiting Sortmg
Unsteady convection Steady convection

0

(,T;L—G—V-(VU):O V-(vu)=0

v=(0.5—-y,z—0.5)
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Summary: iterative limiting

Applicable to stationary and time-dependent problems

Backed by a theoretical framework? which provides

proofs of existence, uniqueness, and boundedness
a priori error estimates for constrained schemes

Extension to high-order Bernstein elements is possible

Only converged solutions to nonlinear discrete problems
are guaranteed to be bound-preserving

Design of efficient iterative solvers is a difficult task

Anderson acceleration for fixed-point iterations
Newton methods for differentiable regularizations

2Barrenechea et al. (2016, 2017)
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High-order finite element space

Virp = span{ef’, ..., o, }
Piecewise-linear approximation

Vi1 = span{ets ..., o, }
Adaptive finite element bases

wi:ahgafl—&—(l—ah)cpf, i=1,..., Ngot

Continuous blending functions
Naot

ap = Z a;t, a; €[0,1]
=1



Partition of unity FEM TU 55imoone unversitat

Continuous hp-adaptivity

Ndof Ndof
vp = ap Z ngojH +(1—ap) Z ngof Yoy, € Vi(a)
=1 =1

seamless blending of Vi, = Vi, (1) and V41 = V4(0)
no hanging h or p nodes due to continuity of oy € V1
automatic h refinement in elements where o), < 1
flexibility in the definition of blending functions ay,

use of limiters only in ‘bad’ elements where aj = 0
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Example: PUFEM limiting dtmtng

Poisson's equation: p =2, H =2h, Ngo = 3212

error

— 15e5

—1e5

[ 506
0.0e+00

08 o

(a) Blending function ay, (b) Error |u(x) — up(x)|
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Poisson’s equation, manufactured solution

—Au = f, u(z,y) = sin(2mz) sin(27y)

Naot || llello,e llell1e
212 3.49E-3 - 2.87E-1 -

412 8.63E-4 | 2.01 | 1.42E-1 | 1.01
812 2.15E-4 | 2.00 | 7.12E-2 | 1.00
1612 || 5.38E-5 | 2.00 | 3.56E-2 | 1.00
3212 || 1.34E-5 | 2.00 | 1.78E-2 | 1.00
6412 || 3.36E-6 | 2.00 | 8.90E-3 | 1.00

convergence history in © = (0,1) x (0,1)
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Example: PUFEM limiting CU sortmung o

Poisson’s equation, manufactured solution

—Au = f, u(z,y) = sin(2mz) sin(27y)

Naot || lello.c, llell1.0,
212 3.42E-3 - 2.83E-1 -

412 8.59E-4 | 1.99 | 1.42E-1 | 0.99
812 2.14E-4 | 1.99 | 7.12E-2 | 0.99
1612 || 5.38E-5 | 1.99 | 3.56E-2 | 0.99
3212 || 1.34E-5 | 1.99 | 1.78E-2 | 0.99
6412 || 3.36E-6 | 1.99 | 8.90E-3 | 0.99

convergence history in 1 = {(z,y) € Q: 2 < 0.5 — h}
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Poisson’s equation, manufactured solution

—Au = f, u(z,y) = sin(2mz) sin(27y)

Naot || [le[lo,0. lel]1,0,
212 6.55E-4 - 4.35E-2 —

412 8.56E-5 | 293 | 1.12E-2 | 1.95
812 1.09E-5 | 2.97 | 2.84E-3 | 1.97
1612 1.38E-6 | 2.98 | 7.17E-4 | 1.98
3212 1.73E-7 | 2.99 | 1.79E-4 | 1.99
6412 2.17E-8 | 2.99 | 451E-5 | 1.99

convergence history in Qo = {(z,y) € Q: a2 > 0.5+ h}
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Example: PUFEM limiting dtmtng

1, if2h<y<0.8

Steady advection-diffusion ai(z,y) = i
0, otherwise

v-Vu —eAu =0, v =(1,3), e =10.01

\ ] R
— 02 e 02

o

(a) Van,2 = Vi (1) (b) Va(an)
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High-order finite element schemes are generally not bound-preserving

Discrete maximum principles can be enforced by using appropriate
basis functions and adding a certain amount of artificial diffusion

Construction of accuracy-preserving correction schemes and limiters
for high-order finite elements is more difficult than for P; /Q;

The PU approach makes it possible to use standard high-order FEM
in smooth regions and limited P, /Q; approximations elsewhere

Time discretizations can also be adjusted using continuous blending
functions to combine different schemes in a conservative manner
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Time-dependent conservation law

%+v f)=0 InQCRY de{1,23)

Discretization in space and time

n+1 —u
/cpi( h) dX—/V% upt?) dx—/ @if (up ™) nds
Q o9

Naot

n+0 on n+1 + (1 - og)uZa eh - Z 0 i P O 1}

Discrete conservation property
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Example: 6;, scheme

1D diffusion equation

ou 9%u

E— @:O, d:10_2, Q:(O,l)

Exact solution

o) = 7,5 {‘ (mz;gf)z}

Blending function

1 if |z — 0.5| < h
On(z) ;=2 - +|lz— 05| ifh<|z—05]<2h
0 if [ — 0.5 > 2h
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Example: 6;, scheme dortmund

-0.. -0.1
0 01 02 03 04 05 06 07 08 09 1 0.499 0.5 0.501

(a) solution at T'= 0.5 (b) cut cell region
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