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Statement of Initial Boundary Value Problems

%H( )= f(%.1), TE€QCRY d>2,
Q=QUI, 0<t<T.<o00, Ulmo=ul(x), (1)
/(u) |r: ()? t) )?:(Xl,... Xd),

Za( ) Zb = (%), (2)

I,_/—

ak”+5k231u6 cos(, Xj) = gk, |ok|+|Bk| #0, X €Ty,

o 3)



Space - Time Approximations

Bi" + Au" = f", (4)
i uh fre RN, B, Ae RN,

fr={fi}, B={b}, A={ay}, u"={u'}, ()" ={uv(x)}
B(a)" + A(w)" = (A" + 4" v =0(), ()
(Auh), = ayu+ Z aypup = f}7 | € Qh, I = 1,..., N/,

I'ew,
(6)
I=1,...,N, Ny < N, N~ 10" —10% , N, ~ 100
1Y



Explicit and Implicit Methods

Crank - Nikolson Approximation

n+l _ ,,n

LR O(ALTT — £ = (1 - 0)(F" — Au"), ()
9e0,1, n=0,1,...,
0=1/2¢7 = 0(72), 7 = max, {7, }, " =Y + "

O

W) = L) Ay (7)) = (- 0)[(F)"— A(u)] 44"
(8)

n

B

(u)" = " = {u(x;, t,)} — vector of exact solution

r"=(1-0)(f"— Ai") - B

L']n+1 l_Nl"

6 Tn

+O(AG = . (9)



Runge - Kutta - Radau Implicit Schemes, |
Discontinuus Galerkin Methods (DGM) for ODES

Oru(t) + Au(t) =f(t), t€ (0, T), u(0)= u,,
u, fe 'R,N”, A € RNo:N
ut e Py (ts, tor1), v € Pr(tn, tar1)

tht+1

— [ uha (D)0 (t)dt + ur v () +
t
tn+1

A o (v () (t)dt =
th

tn+1

ff t)dt + u(t,)v"1(t,)



Runge - Kutta - Radau Implicit Schemes, |l

(K, + AM)u"™™t = "™ + Cu", n=0, 1,...N -1
thyl

urh e RMM, L= {7 = [ (V(2)de},

tht1

[ f(t)dt ~r > bef(t,+ t), ¢ =0.
k=1



Estimate of the Total Error

Gupi=Gu"+g", g= 7—n[ef-n—i_1 + (1 - 9)1"”]7
G=B+0m,A G=B-(1-0)rA

n+l _ (u)n+1 _ pntl

V4 u

Ciz"t = Gz" + 1, (¢ — "),
(" = ) < 72" < pll 2"l + Tpulleb]|=>
p=ICG), p=IlIG
p=1+0(r)=>||2"l] < C(||2°]| +[[¢])



Choosing the Initial Guess

@ simple shift u™L 0 =y 4 O(7)
@ linear extrapolation
u™ = u" ¢ (0" = ") STt 4+ O(72). (10)

@ predictor - corrector schemes
B(d™1 — u™) = 7,(f" — Au") = 71", (11)

B(un+1,5_un) — T,,[G(f"“—Au"*l’s’l)+(1—6)(f"—Au")],
un+1, 0 _ ﬁn+1
s=1,...,m:

rn+1,s — Tn[e(fnJrl _ Aun+1,571) + (1 _ 9)7_"] _ B(un+1,s _ un)
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Minimization of the Initial Residual

q — step least squares method (LSM)

Um0 =" v+ vy = U+ Ve, (12)
v=u"—u"" I=1...,q, (13)
c=(c,...,c)T €RI, V=(wv,...,vy) € RN,

Cu™t = (771B + 0A) " = g, (14)
g"=[r 1B+ (1—0)Alu".

P = CVe, " =g" — Cu", (15)
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Least Squares Method

%0 We=CVe=r", WecRNI, (16)
Ge=WWe=WT7r" G=V'CTCVeR™. (17)

Wm0 = 0. (18)
deflation:
VT mto — g, (19)
Hc=VTCVc=V'c, HecRI. (20)
iterative refinement:
[rmhm) = Jlg" — Cu™ b < elg”| (21)

e < 1’ un+1 — un+1,m
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Algebraic and Geometric DDM for IBVP

Q= U Qg Q=Ulg, To= U Toq, Taq =TeNQy,
q’qu
q 7& g.
(22)
Qo= JT. Tqo=Tq((Q=Tq\T, Tqe=T,{Jq0,
. (23)
|—, - Uq’7é0 Fgq Tq0= I'g Dgq =g ﬂQq’
ou .
Ot -+ Lug(X) = fq, X €Qq,  lqq(uq) |rq,q,: 8a,q = lg,q(ug) ’rq,,q,
q GWq, lqvouq |rq,0: gq,O? q= 17"’7P’
(24)
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Algebraic and Geometric DDMs

auq 8Uq/
thUq"!‘/Bqair_’.q rqu/ = Qg lUgr +Bq’8T—aq/ ) |aq|+|5q| >0, th'ﬂq20~

(25)
rqzr2={/’e&m 1€Qq, I'¢ Qq, Qé:ﬁg:Qqug} (26)
B 26

rz _ {// e, le Qz—l’ /e 92_17 QZ — Qg—l — Qg—lurg—l}.
Cq,quq + Z Corur =gq, q=1,..., P, (27)

redg
(Dg.qu); = (C,,m + 6, Z c,7m) uy + Z Cl,mUm = &1 + Z c,m(0rup — um). (28)
méwyg mewq m¢wgq

Du*' =(D—-C)u*+g, s=0,1,.... (29)

D = block — diag{D; ;}
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Restricted Additive Swartz Method

N,NA NA
Rip€RMNa  ug={u, 1eQf}erM

(Ry auq) = { (ug) if 1€Qg,

0, otherwise.
P
Bas = Z BAS,q, BAS,q = RJ:ACA';]'R%A.
q=1
P
Bras = Z Bras,q; Bras,q = RJ:OC‘;]-Rq,A‘
q=1

@ coarse grid correction
i"=u"+ Ve, V=(vi..wn,), " =r"—Wc, W=AV,

W= (wi,...,wpn,) € RNNe, Wem r", ¢ = B,

BIl=wewT, E=wTcw e RNeoNe,
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Multi - Preconditioned SCR Methods, |

_ (1) (mo)
P=f—co By’,...,B" e RN N
Ny—
Po=[p Pl € R, pf = (B)) 70, (30)
umtl =y 4 Phan = u® 4+ Poag + - -+ + Pnan, (31)
r"t =" — CPpran = r® — CPodg — - - - — CPpn.
an = (ag,...,ap")", Po=[p{ - ph,]1 € RN, Dy = diag{pn,}
@ orthogonal properties
PICTCPy=D,x=0 for k#n, (32)
@ minimizing the residual
n—1
Km, = Span{Po,...,C" 'Pp_1}, My=> my (33)
k=0
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Multi - Preconditioned Methods SCR, Il

ap = {anl} = (D_l)_l'DTCTrO7

n+1 Qn+1 - Z Pkﬁk ns

Qo = [a7 ™ g3, (Bﬁﬂl)—lr"“, I=1,...

B = Di kPl CT CQui1.
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Examples of Methodical Experiments

ou 0%u
5 = 50 T 1), x€(O.m), te(0m), (39

u(x,t) =sinx-sinwt, f(x,t) =sinx(sint + wcoswt), (39)

0=1/2), e=10" §~107°,

N, =3 —diag{—1,2,—-1}/H,
Ny, N, = 16,32, 64,128, 256.
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Table 1. The total number of iterations for simple shift

and predictor - corrector methods, § = 1/2, w =1

N-\ N,| 16 32 64 128 256
16 1361 | 5421 | 22012 | 89065 | 358699
1216 | 4852 | 19707 | 79758 | 321224
32 1514 | 5632 | 22427 | 90301 | 363228
1277 | 4761 | 18969 | 76403 | 307330
64 1742 | 5835 | 22409 | 89328 | 358413
1389 | 4638 | 17833 | 71127 | 285429
128 2138 | 6194 | 22340 | 87443 | 349130
1648 | 4587 | 16656 | 65099 | 259973
256 2832 | 6935 | 22621 | 85473 | 338028
2039 | 4847 | 15579 | 58987 | 233163
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Table 2. The total number of iterations
for predictor - LSM and one - step LSM, # =1/2, w =1

N-\ N, | 16 | 32 64 128 256
16 131 | 790 | 5999 | 28459 | 151381
0 2 83 415 6205
32 108 | 926 | 5313 | 28268 | 146381
0 11 0 1152 6522
64 78 | 804 | 6767 | 36667 | 132951
0 12 75 1 42
128 12 | 579 | 5241 | 26731 | 157813
0 14 | 135 | 5325 | 13593
256 0 | 404 | 4075 | 25337 | 144422
0 8 184 | 2097 | 26339
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Table 3.The total number of iterations for simple shift

and predictor - corrector methods, § = 1/2, w =4

Nt \ N, | 16 32 64 128 256
16 1465 | 5843 | 23717 | 95976 | 386535
1399 | 5585 | 22668 | 91735 | 369435
32 1632 | 6078 | 24209 | 97478 | 392104
1495 | 5574 | 22192 | 89362 | 359453
64 1878 | 6302 | 2416 | 96572 | 387493
1646 | 5534 | 21250 | 84729 | 339976
128 2311 | 6705 | 24200 | 94711 | 378197
1912 | 5601 | 20224 | 79139 | 315974
256 3062 | 7519 | 24549 | 92809 | 367090
2537 | 5900 | 19399 | 73368 | 290033
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Table 4. The total number of iterationst
for predictor - LSM and one - step LSM, 0 = 1/2, w =4

N-\ N,| 16 32 64 128 256
16 125 | 1141 | 6423 | 29083 | 153512

0 0 0 0 0
32 130 | 971 | 5611 | 37661 | 184556

0 10 0 0 2
64 79 | 814 | 5514 | 33831 | 162940

0 0 0 10 416

128 13 | 668 | 4983 | 26897 | 142330
0 0 9 95 514
256 0 397 | 3816 | 24243 | 135163
0 1 10 82 9480
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