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Statement of Initial Boundary Value Problems

∂u

∂t
+ L(u) = f (~x , t), ~x ∈ Ω ⊂ Rd , d ≥ 2,

Ω̄ = Ω ∪ Γ, 0 < t ≤ Te <∞, u |t=0= u0(~x), (1)
l(u) |Γ= g(~x , t), ~x = (x1, . . . , xd),

Lu = −
n∑

i ,j=1

∂

∂xi

(
ai ,j(~x)

∂u

∂xj

)
+

n∑
i=1

bi
∂u

∂xi
+ cu = f (~x). (2)

αku+βk

d∑
i ,j=1

ai ,j
∂u

∂xj
cos(~n, xj) = gk , |αk |+ |βk | 6= 0, ~x ∈ Γk ,

(3)

особенности решения нелинейных НКЗ
методы оптимизации для обратных задач
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Space - Time Approximations

Bu̇h + Auh = f h, (4)
u̇h, uh, f h ∈ RN ; B ,A ∈ RN,N ,

f h = {fl}, B = {bl ,l}, A = {al ,l}, uh = {uh
l }, (u)h = {u(~xl)}

B(u̇)h + A(u)h = (f )h + ψh, ψ = O(hγ), (5)

(Auh)l ≡ al ,lul +
∑
l ′∈ωl

al ,l ′ul ′ = fl , l ∈ Ωh, l ′ = 1, . . . ,Nl ,

(6)
l = 1, . . . ,N, Nl � N, N ≈ 107 − 1010 , Nl ≈ 100
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Explicit and Implicit Methods
Crank - Nikolson Approximation

B
un+1 − un

τn
+ θ(Aun+1 − f n+1) = (1− θ)(f n − Aun), (7)

θ ∈ [0, 1], n = 0, 1, . . . ,

θ = 1/2 ψτ = O(τ 2), τ = maxn{τn}, ψn = ψτ + ψh

B
(u)n+1 − (u)n

τn
+θ[A(u)n+1−(f )n+1] = (1−θ)[(f )n−A(u)n]+ψn,

(8)
(u)n = ũn = {u(~xi , tn)} − vector of exact solution

rn = (1− θ)(f̃ n − Aũn)− B
ũn+1 − ũn

τn
+ θ(Aũn+1 − f̃ n+1). (9)
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Runge - Kutta - Radau Implicit Schemes, I
Discontinuus Galerkin Methods (DGM) for ODES

∂tu(t) + Au(t) = f (t), t ∈ (0, T ), u(0) = uo ,
u, f ∈ RNh , A ∈ RNh,Nh

un+1
r ∈ PNτ (tn, tn+1), vn+1

r ∈ PNt (tn, tn+1)

−
tn+1∫
tn

, uτn+1(t)∂tv
n+1
τ (t)dt + un+1

τ vn+1
τ (tn+1)+

A
tn+1∫
tn

un+1
τ (t)vn+1

τ (t)vn+1
τ (t)dt =

tn+1∫
tn

f (t)dt + un
τ (tn)vn+1

τ (tn)
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Runge - Kutta - Radau Implicit Schemes, II

(Kτ + AMτ )un+1 = f n+1 + Cτu
n, n = 0, 1, ...,N − 1

un+1 ∈ RNt∗Nh , f n+1 = {f n+1
l =

tn+1∫
tn

f (t)Ψn
l (t)dt},

tn+1∫
tn

f (t)dt ≈ r
s∑

k=1
bk f (tn + ckτ), c1 = 0.
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Estimate of the Total Error

C1un−1 = C2u
n + gn, g = τn[θf n+1 + (1− θ)f n],

C1 = B + θτnA, C2 = B − (1− θ)τnA.

zn+1 = (u)n+1 − ũn+1

C1z
n+1 = C2z

n + τn(ψn − rn),

τn(ψn − rn)‖ ≤ τ‖ψ‖‖zn+1‖ ≤ ρ‖zn‖+ τρ1‖ψ‖=>

ρ = ‖C−1
1 C2‖, ρ = ‖C−1

1 ‖.

ρ = 1 + O(τ)=>||zh|| 6 C (||z0||+ ||ψ||)
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Choosing the Initial Guess

simple shift un+1, 0 = un + O(τ)

linear extrapolation

un+1 = un + (un − un−1)τn/τn−1 + O(τ2). (10)

predictor - corrector schemes
B(ûn+1 − un) = τn(f n − Aun) ≡ τnrn, (11)

B(un+1,s−un) = τn[θ(f n+1−Aun+1,s−1)+(1−θ)(f n−Aun)],

un+1, 0 = ûn+1

,
s = 1, . . . ,m :

rn+1,s = τn[θ(f n+1 − Aun+1,s−1) + (1− θ)τn]− B(un+1,s − un)
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Minimization of the Initial Residual

q – step least squares method (LSM)

un+1,0 = un + c1v1 + . . . + cqvq = un + Vc , (12)
vl = un − un−l , l = 1, . . . , q, (13)

c = (c1, . . . , cq)T ∈ Rq, V = (v1, . . . , vq) ∈ RN,q.

Cun+1 ≡ (τ−1
n B + θA)un+1 = gn, (14)

gn = [τ−1
n B + (1− θ)A]un.

rn+1,0 = rn − CVc , rn = gn − Cun, (15)
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Least Squares Method

rn+1,0 ≈ 0 : Wc ≡ CVc = rn, W ∈ RN,q. (16)
Gc ≡ W TWc = W T τ n, G = V TCTCV ∈ Rq,q. (17)

W T rn+1,0 = 0. (18)
deflation:

V T rn+1,0 = 0. (19)
Hc ≡ V TCVc = V Tc , H ∈ Rq,q. (20)

iterative refinement:

‖rn+1,m‖ = ‖gn − Cun+1,m‖ ≤ ε‖gn‖ (21)

ε� 1, un+1 = un+1,m
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Algebraic and Geometric DDM for IBVP

Ω =
P⋃

q=1
Ωq, Ω̄q = Ωq

⋃
Γq, Γq =

⋃
q′∈ωq

Γq,q′ , Γq,q′ = Γq
⋂

Ω̄q′ ,

q′ 6= q.
(22)

Ω̄0 = Ω0
⋃

Γ, Γq,0 = Γq

⋂
Ω̄0 = Γq

⋂
Γ, Γq = Γi

q

⋃
Γq,0,

(23)
Γi
q =

⋃
q′ 6=0 Γq,q′ Γq,0 = Γe

q ∆q,q′ = Ωq
⋂

Ωq′

∂uq
∂t

+ Luq(~x) = fq, ~x ∈ Ωq, lq,q′(uq) |Γq,q′= gq,q′ ≡ lq′,q(uq′) |Γq′,q ,

q′ ∈ ωq, lq,0uq |Γq,0= gq,0, q = 1, . . . ,P.
(24)

13



Algebraic and Geometric DDMs

αquq + βq
∂uq

∂~nq

∣∣∣
Γq,q′

= αq′uq′ + βq′
∂uq′

∂~nq′

∣∣∣
Γq′,q

, |αq |+ |βq | > 0, αq · βq ≥ 0.

(25)
Γq ≡ Γ0

q =
{
l ′ ∈ ω̂l , l ∈ Ωq , l ′ /∈ Ωq , Ω1

q = Ω̄0
q = Ωq

⋃
Γ0
q

}
,

Γt
q =

{
l ′ ∈ ω̂l , l ∈ Ωt−1

q , l ′ ∈ Ωt−1
q , Ωt

q = Ω̄t−1
q = Ωt−1

q

⋃
Γt−1
q

}
.

(26)

Cq,quq +
∑
r∈ω̂q

Cq,rur = gq , q = 1, . . . ,P, (27)

(Dq,qu)l ≡
(
cl,m + θl

∑
m/∈ωq

cl,m

)
ul +

∑
m∈ωq

cl,mum = gl +
∑

m/∈ωq

cl,m(θlul − um). (28)

Dus+1 = (D − C)us + g , s = 0, 1, . . . . (29)

D = block − diag{Dl,l}

14



Restricted Additive Swartz Method

RT
q,∆ ∈ R

N,N∆
q uq = {ul , l ∈ Ω∆

q } ∈ R
N∆
q

(RT
q,∆uq)l =

{
(uq)l if l ∈ Ω∆

q ,
0, otherwise.

BAS =
P∑

q=1

BAS,q , BAS,q = RT
q,∆Ĉ−1

q Rq,∆.

BRAS =
P∑

q=1

BRAS,q , BRAS,q = RT
q,0Ĉ

−1
q Rq,∆.

coarse grid correction
ũn = un + Vc, V = (v1...vNc ), r̃n = rn −Wc, W = AV ,

W = (w1, . . . ,wNc ) ∈ RN,Nc , Wc ≈ rn, c = B−1
c rn,

B−1
c = WĈ−1WT , Ĉ = WTCW ∈ RNc ,Nc ,
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Multi - Preconditioned SCR Methods, I

r0 = f 0 − Cu0, B(1)
0 , . . . ,B

(m0)
0 ∈ RN, N

P0 = [p0
1 · · · p0

m0 ] ∈ RN,m0 , p0
l = (B

(l)
0 )−1r0, (30)

un+1 = un + Pnᾱn = u0 + P0ᾱ0 + · · ·+ Pnᾱn,
rn+1 = rn − CPnᾱn = r0 − CP0ᾱ0 − · · · − CPnᾱn.

(31)

ᾱn = (α1
n , . . . , α

mn
n )T , Pn = [pn1 · · · pnmn

] ∈ RN,mn , Dn,n = diag{ρn,l}
orthogonal properties

PT
n CTCPk = Dn,k = 0 for k 6= n, (32)

minimizing the residual

KMn = Span{P0, . . . ,C
n−1Pn−1}, Mn =

n−1∑
k=0

mk (33)
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Multi - Preconditioned Methods SCR, II

ᾱn = {αn,l} = (D−1
n,n)−1PT

n C
T r 0, (34)

Pn+1 = Qn+1 −
n∑

k=0

Pk β̄k,n, (35)

Qn+1 = [qn+1
1 · · · qn+1

mn
], qn+1

l = (B
(l)
n+1)−1rn+1, l = 1, . . . ,mn,

(36)

β̄k,n = D−1
k,kP

T
k C

TCQn+1. (37)
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Examples of Methodical Experiments

∂u

∂t
=
∂2u

∂x2 + f (x , t), x ∈ (0, π), t ∈ (0, π), (38)

u(x , t) = sin x · sinωt, f (x , t) = sin x(sin t + ω cosωt), (39)

θ = 1/2), ε = 1010, δ ≈ 10−5,

4n = 3− diag{−1, 2,−1}/h2,

Nh,Nτ = 16, 32, 64, 128, 256.
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Table 1. The total number of iterations for simple shift
and predictor - corrector methods, θ = 1/2, ω = 1

Nτ \ Nh 16 32 64 128 256
16 1361 5421 22012 89065 358699

1216 4852 19707 79758 321224
32 1514 5632 22427 90301 363228

1277 4761 18969 76403 307330
64 1742 5835 22409 89328 358413

1389 4638 17833 71127 285429
128 2138 6194 22340 87443 349130

1648 4587 16656 65099 259973
256 2832 6935 22621 85473 338028

2039 4847 15579 58987 233163
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Table 2. The total number of iterations
for predictor - LSM and one - step LSM, θ = 1/2, ω = 1

Nτ \ Nh 16 32 64 128 256
16 131 790 5999 28459 151381

0 2 83 415 6205
32 108 926 5313 28268 146381

0 11 0 1152 6522
64 78 804 6767 36667 132951

0 12 75 1 42
128 12 579 5241 26731 157813

0 14 135 5325 13593
256 0 404 4075 25337 144422

0 8 184 2097 26339
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Table 3.The total number of iterations for simple shift
and predictor - corrector methods, θ = 1/2, ω = 4

Nτ \ Nh 16 32 64 128 256
16 1465 5843 23717 95976 386535

1399 5585 22668 91735 369435
32 1632 6078 24209 97478 392104

1495 5574 22192 89362 359453
64 1878 6302 2416 96572 387493

1646 5534 21250 84729 339976
128 2311 6705 24200 94711 378197

1912 5601 20224 79139 315974
256 3062 7519 24549 92809 367090

2537 5900 19399 73368 290033
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Table 4. The total number of iterationst
for predictor - LSM and one - step LSM, θ = 1/2, ω = 4

Nτ \ Nh 16 32 64 128 256
16 125 1141 6423 29083 153512

0 0 0 0 0
32 130 971 5611 37661 184556

0 10 0 0 2
64 79 814 5514 33831 162940

0 0 0 10 416
128 13 668 4983 26897 142330

0 0 9 95 514
256 0 397 3816 24243 135163

0 1 10 82 9480
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