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INTRODUCTION

In this work, we consider a numerical solution of a heat trans-
fer problem with phase change in heterogeneous domains.
For simulation of heat transfer processes with phase transi-
tions, we use a classic Stefan model [1].

Computational implementation is based on generalized mul-
tiscale discontinuous Galerkin method (GMsDGM) [2, 3].
In this method the interior penalty discontinuous Galerkin
method is used for the global coupling on a coarse grid. The
main idea of these methods is to construct a small dimen-
sional local solution space that can provide an efficient cal-
culation on coarse grid level.

We present numerical results for different geometries to
demonstrate an accuracy of the method.
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MATHEMATICAL MODEL

For simulation of heat transfer processes with phase transi-
tions, we use a classic Stefan model

orT
(a(@) + pT L") 5 div (A(¢) grad T") = 0,
where L is a specific heat of the phase transition, m is a poros-
ity, pT,ct, AT and p~, ¢, A~ are density, specific heat capacity
and thermal conductivity of melted and frozen zones, respec-
tively. We have the following coefficients

a(¢p) =p ¢ +dlpTet —pTc),

= (1 —m)csepsc +mcipi,

A(@) = A7 + (AT = A7),

AT = (1 —m)Arse + mA,

pT = (1 —m)csepse + Mcwpw, AT = (1 —m)Ase +mly.
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The indexes sc, w, i denote the solid skeleton, water, and ice,
respectively. In practice, the phase transitions occur in a small
temperature range [T — A, T* 4+ A]. As the function ¢ we take
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GMSDGM FOR SOLVING HEAT PROBLEM
OF FREEZING AND THAWING PROCESS IN SOIL

{ SERGEI STEPANOV & MARIA VASILYEVA} NORTH-EASTERN FEDERAL UNIVERSITY, YAKUTSK, RUSSIA

FINE SCALE APPROXIMATION

The equation can be approximated using the IPDG finite ele-
ment method while a standard implicit difference scheme can
be used to approximate by time.

For each time layer, we have following variational formula-

tion: find 7"t € V (n = 1,2, ...) such that

m(T" ™ 0) + ape(T",v) = m(T™,v), Yv eV,

where
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where a linear basis functions are used for approximation.

DISCONTINUOUS GALERKIN GMSFEM

We show the main procedures of the problem solution with
the use of GMsDGM:

We define coarse grid 7z in domain Q, 7y = U<, K; where K;
is coarse cell (local domain) and 7, is fine mesh with H > h >
0, where h is size of fine grid. A local subdomain in structured
and unstructured coarse mesh are shown in Figure 5.

Figure 5: a) for structured grid (210 subdomains) b) for unstructured
grid (50 subdomains)

We have follows steps:

1. Coarse grid generation 7z;
2. Offline space construction;
* Construction of snapshot space that will be used to

compute an offline space.

e Construction of a small dimensional offline space
by performing dimension reduction in the space of
local snapshots.

3. Solution of a coarse-grid problem for any force term and
boundary condition.

DISCONTINUOUS GALERKIN GMSFEM

The offline computation we constructed local snapshot space
Visnap(K) for each local domain K € 7. The snapshot space
contains a large library of local basis functions. It has two

types |
Vinap(K) = Vipap(K) + V;

snap snap

(K).

Where V) . (K) in the coarse grid block K is defined as the

linear span of all harmonic extensions, and the second local
snapshot space V,,,(K) is defines as VI, (K) = V)(K),
which is the limitations of V;, on K. For dimension reduction
of the above snapshot spaces, we use eigenvalue problem and
use eigenfunctions corresponding to the dominant eigenval-
ues as the multiscale basis functions.

Boundary basis. To construct the local snapshot space
Vb .. (K) for each fine-grid node on the boundary of K, we

snap

find ¢ x € Vi (K) by solving

m K
on OK,

QLX}(¢UJ{,U)3:30
V1K = g

Interior basis. The local snapshot space V;,,, (K) for the

coarse grid block K is defined as V! . = V?(K). For the

snap

dimension reduction on the snapshot space, we use follow-

RESULTS

Figure 1: a) Coarse grid with 210 elements. b) Fine grid with 30078 elements. Blue
color: first subdomain. Grey color: second subdomain. Red color: third subdomain.

Figure 2: a) Solution on a coarse grid using 20 boundary and 10 interior multi-
scale basis functions (DOF. = 6300, 6.9% from DOFy ). b) Solution on a fine grid
(DOF; = 90234).
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Table 1: Solution errors for different number of multiscale basis functions

ing spectral problem to identify the important modes: find
Lk € V2(K) satisfying

aDG(Qbfn,va):V( in,K?r‘)) mn Vh0<K>7

P =0 on OK.

Solve coarse-scale system. Let V; be the coarse-scale mul-
tiscale space, which consists of function are decided on each
coarse grid block K € Ty.

VH:span{qzﬁiz,j,i:l,...,Mb,kzl,...,Mijzl,...,Nc},

where M, is the number of boundary basis functions, M; is
the number of interior basis functions and N, is the number
of the local domains. The ¢;, ; is continuous in coarse element
K, but is not necessarily continuous along the coarse edges.
We construct the coarse scale system in this offline space using
discontinuous Galerkin coupling, where we need to penalize
the jump of the solution on the coarse edges. We seek an ap-
proximation Ty = ¥, ;¢ i¢r; in Vi such that

apc(Tg,v) = (f,v), Vv € Vp.

Figure 3: a) Coarse grid with 210 elements. b) Fine grid with 26116 elements. Red
color: first subdomain. Blue color: second subdomain. Grey color: third subdomain.

Figure 4: Solution on a coarse grid using 20 boundary and 10 interior multiscale
basis functions (DOF. = 6300, 8.0% from DOF¢ ). b) Solution on a fine grid
(DOFy = 78348).

lellzz lefla lellzz lella

M, = 10 My, = 20 My = 30
M; =0 - - 1741 3438 17.13 31.58
M; =10 1092 3759 716  19.27 - -

lellzz llella

Table 2: Solution errors for different number of multiscale basis functions.

For numerical comparision, we consider the relative L? and energy errors

fQ (Th — TH)QdSU

Jellps = Y-,
fQThdaz

lella =

 Vape(Th — Ty, Th — Th)

vVape(Th, Th)

where e =T}, — T'y, T}, and Ty are the fine-scale and multiscale solutions, respectively.



